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ABSTRACT
The obliquity of a terrestrial planet is an important clue about its formation and critical to its
climate. Previous studies using simulated photometry of Earth show that continuous obser-
vations over most of a planet’s orbit can be inverted to infer obliquity. However, few studies
of more general planets with arbitrary albedo markings have been made and, in particular, a
simple theoretical understanding of why it is possible to extract obliquity from light curves
is missing. Reflected light seen by a distant observer is the product of a planet’s albedo map,
its host star’s illumination, and the visibility of different regions. It is useful to treat the prod-
uct of illumination and visibility as the kernel of a convolution. Time-resolved photometry
constrains both the albedo map and the kernel, the latter of which sweeps over the planet
due to rotational and orbital motion. The kernel’s movement distinguishes prograde from ret-
rograde rotation for planets with non-zero obliquity on inclined orbits. We demonstrate that
the kernel’s longitudinal width and mean latitude are distinct functions of obliquity and axial
orientation. Notably, we find that a planet’s spin axis affects the kernel—and hence time-
resolved photometry—even if this planet is East-West uniform or spinning rapidly, or if it
is North-South uniform. We find that perfect knowledge of the kernel at 2–4 orbital phases
is usually sufficient to uniquely determine a planet’s spin axis. Surprisingly, we predict that
East-West albedo contrast is more useful for constraining obliquity than North-South contrast.
Key words: methods: analytical – methods: statistical – planets and satellites: fundamental
parameters.
1 INTRODUCTION
The obliquity of a terrestrial planet encodes information about dif-
ferent processes. A planet’s axial alignment and spin rate inform
its formation scenario. Numerical simulations have shown that the
spin rates of Earth and Mars are likely caused by a few planetes-
imal impacts (Dones & Tremaine 1993), while perfect accretion
produces an obliquity distribution that is isotropic (e.g. Kokubo &
Ida 2007; Miguel & Brunini 2010). Conversely, Schlichting & Sari
(2007) describe how prograde rotation is preferred to retrograde for
a formation model with semi-collisional accretion.
Obliquity is also important in controlling planetary climate.
This has been studied in-depth for Earth under many conditions
(e.g. Laskar et al. 2004; Pierrehumbert 2010), and high axial
tilts can make planets at large semi-major axes more habitable
? E-mail: joelschwartz2011@u.northwestern.edu
† McGill Space Institute (McGill U.); Institute for Research on Exoplanets
(UdeM)
(Williams & Kasting 1997). Furthermore, while the Earth’s spin
axis is stabilized by the Moon (Laskar et al. 1993), obliquities of
several Solar System bodies evolve chaotically (Laskar 1994). This
influences searches for hospitable planets, as Spiegel et al. (2009)
note that the habitability of terrestrial worlds may depend sensi-
tively on how stable the climate is in the short-term.
A planet’s average insolation is set by stellar luminosity and
semi-major axis; insolation at different latitudes is determined
by obliquity and (for eccentric orbits) the axial orientation. Non-
oblique planets have a warmer equator and colder poles that do not
vary much throughout the year. Modest obliquities produce sea-
sons at mid-latitudes because the sub-stellar point moves North
and South during the orbit (Pierrehumbert 2010). Planets tilted at
angles > 54◦ receive more overall radiation near their poles and
have large orbital variations in temperature (Williams & Pollard
2003). Thus, even limited knowledge of a planet’s obliquity can
help constrain the spatial dependence of insolation and tempera-
ture.
c© 2015 RAS
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Figure 1. The left panel shows apparent albedo as a function of orbital phase for an arbitrary planet with North-South and East-West albedo markings, seen
edge-on with zero obliquity (black) or 45◦ obliquity (green). The average albedo of the green planet increases during the orbit because brighter latitudes
become visible and illuminated; this does not happen for the black planet. The vertical bands are each roughly two planetary days, enlarged at right, where
lighter shades are the fuller phase. For clarity, the rotational curves are shifted and the zero-obliquity planet is denoted by a dashed line. The apparent albedo of
both planets varies more over a day when a narrower range of longitudes and albedo markings are visible and illuminated, and vice versa. Note that both light
curves are produced by the same albedo map, and are distinct solely because of differences in the kernel for these two geometries. Orbital and/or rotational
changes in apparent albedo can help one infer a planet’s obliquity.
Numerous methods have been proposed for measuring plan-
etary obliquities. Seager & Hui (2002) and Barnes & Fortney
(2003) demonstrated constraints on oblateness and obliquity us-
ing ingress/egress differences in transit light curves; Carter &
Winn (2010) extended and applied these techniques to observa-
tions of HD 189733b. Kawahara (2012) derived constraints on
obliquity from modulation of a planet’s radial velocity during or-
bit, while Nikolov & Sainsbury-Martinez (2015) examined the
Rossiter-McLauglin effect at secondary eclipse for transiting exo-
planets. One could also measure obliquity at infrared wavelengths,
using polarized rotational light curves (De Kok et al. 2011) and or-
bital variations (e.g. Gaidos & Williams 2004; Cowan et al. 2013).
A planet’s obliquity can also be constrained by changes in
reflected light, which will be studied with forthcoming optical
and near-infrared space missions, such as ATLAST (Postman et al.
2010), LUVOIR (Kouveliotou et al. 2014), and HDST (Dalcanton
et al. 2015). Time-resolved measurements of a rotating planet in
one photometric band can reveal its rotation rate (Ford et al. 2001;
Palle´ et al. 2008; Oakley & Cash 2009); this helps determine Cori-
olis forces and predict large-scale circulation. Multi-band photom-
etry can reveal colors of clouds and surface features (Ford et al.
2001; Fujii et al. 2010, 2011; Cowan & Strait 2013), and enables
a longitudinal albedo map to be inferred from disk-integrated light
(Cowan et al. 2009). High-cadence, reflected light measurements
spanning a full planetary orbit constrain a planet’s obliquity and
two-dimensional albedo map (Kawahara & Fujii 2010, 2011; Fujii
& Kawahara 2012).
However, these results have not yet been established for lower
cadence measurements of non-terrestrial planets. We also hope to
establish a conceptual understanding of how photometric measure-
ments constrain obliquity. While this is less immediately practical,
a deeper understanding of this inversion has the potential to lead to
further advances in inferring planetary geometry from limited data
sets. In this paper, we study light curve methods for arbitrary albedo
maps and viewing geometries, and demonstrate they are useful even
for observations at only one or two orbital phases.
Light curves of planets encode the viewing geometry and
hence a planet’s obliquity because different latitudes are impinged
by starlight at different orbital phases (this “kernel” is described
in Section 2.2). To see this, consider a planet with no obliquity in
an edge-on, circular orbit. The star always illuminates the Northern
and Southern hemispheres equally, and we never view some lati-
tudes more than others. If instead this planet were tilted, the North-
ern hemisphere would be lit first, then the Southern hemisphere half
an orbit later. If the planet is not North-South uniform, its apparent
albedo (Qui et al. 2003; Cowan et al. 2009) would change during
its orbit, shown in the left panel of Figure 1.
One may also learn about a planet’s obliquity as it rotates.
Imagine a zero-obliquity planet in a face-on, circular orbit: the ob-
server always sees the Northern pole with half the longitudes illu-
minated. For an oblique planet, however, more longitudes would
be lit when the visible pole leans towards the star, and vice versa.
Zero-obliquity planets in edge-on orbits are similar, since more lon-
gitudes are lit near superior conjunction, or fullest phase. If the
planet has East-West albedo variations, then this longitudinal width
will modulate the apparent albedo of the planet as it spins, shown
in the right panel of Figure 1.
Our work is organized as follows: in Section 2, we summa-
rize the observer viewing geometry and explain the reflective ker-
nel, both in two- and one-dimensional forms. Section 3.1 intro-
duces a case study planet and describes the kernel at single or-
bital phases; we consider time evolution in Section 3.2. We discuss
real observations in Section 4.1, then develop our case study in
Sections 4.2–4.4, demonstrating that even single- and dual-epoch
observations could allow one to constrain obliquity. In Section 4.5,
we discuss how to distinguish a planet’s rotational direction by
monitoring its apparent albedo. Section 5 summarizes our conclu-
sions. For interested readers, a full mathematical description of the
illumination and viewing geometry is presented in Appendix A.
Details about the kernel and its relation to a planet’s apparent
albedo are described in Appendix B.
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2 REFLECTED LIGHT
2.1 Geometry & Flux
The locations on a planet that contribute to the disk-integrated re-
flected light depend only on the sub-observer and sub-stellar po-
sitions, which both vary in time. A complete development of this
viewing geometry is provided in Appendix A, which we summarize
here. We neglect axial precession and consider planets on circular
orbits. Assuming a static albedo map, the reflected light seen by
an observer is determined by the colatitude and longitude of the
sub-stellar and sub-observer points, explicitly θs, φs, θo, and φo.
The intrinsic parameters of the system are the orbital and rotational
angular frequencies, ωorb and ωrot (where positive ωrot is prograde),
and the planetary obliquity, Θ ∈ [0, pi/2]. Extrinsic parameters dif-
fer from one observer to the next; we denote the orbital inclination,
i (where i = 90◦ is edge-on), and solstice phase, ξs (the orbital
phase of Summer solstice for the Northern hemisphere). We also
define initial conditions for orbital phase, ξ0, and the sub-observer
longitude, φo(0). Reflected light is then completely specified by
these seven parameters and the planet’s albedo map.
We consider only diffuse (Lambertian) reflection in our analy-
sis. Specular reflection, or glint, can be useful for detecting oceans
(Williams & Gaidos 2008; Robinson et al. 2010, 2014), but is a lo-
calized feature and a minor fraction of the reflected light at gibbous
phases. The reflected flux measured by a distant observer is there-
fore a convolution of the two-dimensional kernel (or weight func-
tion; Fujii & Kawahara 2012), K(θ, φ, S), and the planet’s albedo
map, A(θ, φ):
F (t) =
∮
K(θ, φ, S)A(θ, φ)dΩ, (1)
where F is the observed flux, θ and φ are colatitude and lon-
gitude, and S ≡ {θs, φs, θo, φo} implicitly contains the time-
dependencies in the sub-stellar and sub-observer locations. Recon-
structing a map of an exoplanet based on time-resolved photometry
can be thought of as a deconvolution (Cowan et al. 2013), while es-
timating a planet’s obliquity amounts to backing out the kernel of
the convolution.
The sub-stellar and sub-observer points are completely
determined through a function S = f(G, ωrott), where
G ≡ {ξ(t), i,Θ, ξs} is the system geometry and ξ(t) is or-
bital phase. This is made explicit in Appendix A. For a planet with
albedo markings, one would therefore fit the observed flux to in-
fer both the planet’s albedo map (Cowan et al. 2009) and spin axis
(Kawahara & Fujii 2010, 2011; Fujii & Kawahara 2012). To study
how these methods work for arbitrary maps and geometries, we
will focus on the kernel from Equation 1, which we can analyze
independent of a planet’s albedo map.
2.2 Kernel
The kernel combines illumination and visibility, defined for diffuse
reflection in Cowan et al. (2013) as
K(θ, φ, S) = 1
pi
V (θ, φ, θo, φo)I(θ, φ, θs, φs), (2)
where V (θ, φ, θo, φo) is the visibility and I(θ, φ, θs, φs) is the il-
lumination. Visibility and illumination are each non-zero over one
hemisphere at any time, and are further given by
V (θ, φ, θo, φo) = max
[
sin θ sin θo cos(φ− φo)
+ cos θ cos θo, 0
]
,
(3)
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Figure 2. Upper: A kernel, in gray, with contours showing visibility and
illumination, in purple and yellow, as in Cowan et al. (2013). The sub-
observer and sub-stellar points are indicated by the purple circle and yel-
low star, respectively. The orange diamond marks the peak of the kernel.
Lower: The mean of the longitudinal kernel and the width from this mean
are shown as solid and dashed red lines; the dominant colatitude is shown
as a blue line.
I(θ, φ, θs, φs) = max
[
sin θ sin θs cos(φ− φs)
+ cos θ cos θs, 0
]
.
(4)
As noted above, we can express the kernel equivalently as
K(θ, φ, S) = K(θ, φ,G, ωrott), (5)
though we will drop the rotational dependence for now because it
does not affect our analysis. We return to rotational frequency in
Section 4.5.
The non-zero portion of the kernel is a lune: the illuminated
region of the planet that is visible to a given observer. The size
of this lune depends on orbital phase, or the angle between the sub-
observer and sub-stellar points. A sample kernel is shown at the top
of Figure 2, where the purple and yellow contours are visibility and
illumination, respectively. The peak of the kernel is marked with an
orange diamond.
We begin by calculating time-dependent sines and cosines of
the sub-observer and sub-stellar angles for a viewing geometry of
interest (Appendix A). These are substituted into Equations 3 and 4
to determine visibility and illumination at any orbital phase. The
two-dimensional kernel is then calculated on a 101 × 201 grid in
colatitude and longitude.
2.3 Longitudinal Width
The two-dimensional kernel, K(θ, φ,G), is a function of lati-
tude and longitude that varies with time and viewing geometry.
For observations with minimal orbital coverage or planets that
are North-South uniform, different latitudes are hard to distin-
guish (Cowan et al. 2013) and we use the longitudinal form of the
c© 2015 RAS, MNRAS 000, 1–13
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Figure 3. Left panels: Contours of longitudinal kernel width at first quarter phase, ξ(t) = 90◦, as a function of planetary obliquity, from face-on i = 0◦ to
edge-on i = 90◦. Obliquity is plotted radially: the center is Θ = 0◦ and the edge is Θ = 90◦. The azimuthal angle represents the orientation (solstice phase)
of the planet’s obliquity. The contours span 20◦–100◦, dark to light colors, in 5◦ increments. Larger kernel widths—and hence muted rotational variability—
occur at gibbous phases, and when the peak of the kernel is near a pole. Right panels: Analogous contours of dominant colatitude that span 35◦–145◦. A
lower dominant colatitude—and thus more reflection from the Northern hemisphere—occurs when the kernel samples Northern regions more, and vice versa.
kernel, K(φ,G), given by
K(φ,G) =
∫ pi
0
K(θ, φ,G) sin θdθ. (6)
We can approximately describe K(φ,G) by a longitudinal mean,
φ¯, and width, σφ. These are defined in Appendix B1; examples are
shown as vertical red lines in the bottom panel of Figure 2.
For any geometry, we can calculate the two-dimensional ker-
nel and the corresponding longitudinal width. The mean lon-
gitude is unimportant by itself because, for now, we are only
concerned with the size of the kernel. We compute a four-
dimensional grid of kernel widths with 5◦ resolution in orbital
phase (time), inclination, obliquity, and solstice phase. The re-
sult is σφ(ξ(t), i,Θ, ξs) ≡ σφ(G), and our numerical grid has size
73× 19× 19× 73 in the respective parameters. Example con-
tours from this array at first quarter phase, or ξ(t) = 90◦, are shown
in the left panels of Figure 3. In these plots obliquity is radial: the
center is Θ = 0◦ and the edge is Θ = 90◦. The azimuthal angle
gives the orientation (solstice phase) of the planet’s obliquity.
2.4 Dominant Colatitude
For a given planet and observer, the sub-observer colatitude is fixed
but the sub-stellar point moves North and South throughout the or-
bit if the planet has non-zero obliquity. This means different orbital
phases will probe different latitudes, as dictated by the kernel. To
analyze these variations we use the latitudinal form of the kernel,
K(θ,G), explicitly:
K(θ,G) =
∫ 2pi
0
K(θ, φ,G)dφ. (7)
We may describe K(θ,G) by its dominant colatitude (Cowan et al.
2012), θ¯, also defined in Appendix B1 and shown as a horizontal
blue line at the bottom of Figure 2. We produce a four-dimensional
dominant colatitude array, θ¯(ξ(t), i,Θ, ξs) ≡ θ¯(G), similarly to
σφ(G) from Section 2.3. Sample contours from this array at first
quarter phase are shown in the right panels of Figure 3.
3 KERNEL BEHAVIOR
We now consider how the longitudinal width and dominant colati-
tude of the kernel depend on a planet’s obliquity. As a case study,
we will define the inclination and spin axis of a hypothetical planet,
Q:
planet Q ≡

i = 60◦
Θ = 55◦
ξs = 260
◦
 . (8)
3.1 Phases
Considering a single orbital phase defines a three-dimensional slice
through σφ(G) and θ¯(G) that describes the kernel at that specific
time. We show the longitudinal form of the kernel for planet Q at
different phases in the left panel of Figure 4. Lighter colors are
fuller phases, indicating the kernel narrows as this planet orbits
towards inferior conjunction, or ξ(t) = 180◦. The kernel width
influences the rotational light curve at a given phase: narrower ker-
nels can have larger amplitude variability in apparent albedo on a
shorter timescale (e.g. right of Figure 1).
The latitudinal kernel for planet Q is shown similarly in the
right panel of Figure 4. We see that the kernel preferentially probes
low and mid-latitudes during the first half-orbit. The dominant co-
latitude of planetQ, indicated by circles, also fluctuates during this
portion of the orbit—and eventually shifts well into the Northern
c© 2015 RAS, MNRAS 000, 1–13
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Figure 4. Left: Longitudinal kernel for planet Q, defined in Equation 8, at orbital phases from 30◦ to 150◦, light to dark shades, in 30◦ increments. Values
are scaled to the maximum of the lightest curve. Longitude is measured from each kernel mean. The kernel width decreases as this planet approaches inferior
conjunction, or as color darkens. Right: Analogous latitudinal kernel for planet Q, where the dominant colatitude, indicated by a circle, increases then returns
towards the equator.
hemisphere after inferior conjunction (not shown). Note that the
dominant colatitude is not always at the peak of the latitudinal ker-
nel (see also Figure A2). Since one needs measurements at mul-
tiple phases to be sensitive to latitudinal variations in albedo, we
will consider changes in dominant colatitude from one phase to the
next, |∆θ¯|, for planets with North-South albedo markings. Larger
changes in dominant colatitude can make the apparent albedo vary
more between orbital phases (e.g. left of Figure 1).
3.2 Time Evolution
Kernel width and dominant colatitude both vary throughout a
planet’s orbit. We investigate this by slicing σφ(G) and θ¯(G) along
obliquity and/or solstice phase. To start, we vary planet Q’s obliq-
uity and track kernel width as shown in the left panel of Figure 5.
The actual planet Q is denoted by a dashed green line: this planet
has a narrow kernel width during the first half-orbit that widens
sharply after inferior conjunction. The largest variations between
the traces occur near ξ(t) ≈ {120◦, 210◦}.
We also show tracks of dominant colatitude in the right panel
of Figure 5. What matters is the change in this characteristic be-
tween two epochs; diverse changes in the traces occur between
ξ(t) ≈ {135◦, 240◦}. Planet Q is again the dashed green line, and
near the middle of all the tracks more often than for kernel width.
If one has some prior knowledge of the viewing geometry, then
Figure 5 implies at which phases one could observe to best distin-
guish obliquities for planetQ—for example, ξ(t) ≈ {120◦, 240◦}.
We can instead vary the solstice phase of planetQwhile keep-
ing its obliquity fixed (not shown). In most cases, solstice phase
impacts the kernel width and dominant colatitude as much as the
axial tilt. This is expected, since obliquity is a vector quantity with
both magnitude and orientation.
4 DISCUSSION
4.1 Observations
By analyzing the kernel, we can learn how observed flux may de-
pend on a planet’s obliquity independent from its albedo map. For
real observations, one would fit the light curve to directly infer the
planet’s albedo map (Cowan et al. 2009) and spin axis (Kawahara
& Fujii 2010, 2011; Fujii & Kawahara 2012). We will use the ker-
nel to predict how single- and dual-epoch observations constrain
planetary obliquity. We address our assumptions below.
The planetary inclination and orbital phase of observation
must be known to model the light curve accurately. Both angles
might be obtained with a mixture of astrometry on the host star
(e.g. SIM PlanetQuest; Unwin et al. 2008), direct-imaging astrom-
etry (Bryden 2015), and/or radial velocity. We will assume that in-
clination and orbital phase have each been measured with 10◦ un-
certainty.
Extracting the albedo map and spin axis from a light curve
could also be difficult in practice. Planets with completely uni-
form albedo are not amenable to these methods. Moreover, one
cannot distinguish latitudes for planets that are North-South uni-
form, nor longitudes for those that are East-West uniform. Even
if a planet has albedo contrast, photometric uncertainty adds noise
to the reflected light measurements. Contrast ratios 6 10−11 are
needed to resolve rotational light curves of an Earth-like exoplanet
(Palle´ et al. 2008), which should be achievable by a TPF-type mis-
sion with high-contrast coronagraph or starshade (Ford et al. 2001;
Trauger & Traub 2007; Turnbull et al. 2012; Cheng-Chao et al.
2015).
We will implicitly assume that planet Q has both East-West
and North-South albedo markings, and thus that the kernel geom-
etry impacts the reflected light. In particular, we will assume two
scenarios: perfect knowledge of the kernel, or kernel widths and
changes in dominant colatitude that are constrained to ±10◦ and
±20◦, respectively, explained in Appendix B2. Note that these un-
certainties will depend on the planet’s albedo contrast, and the pho-
tometric precision, in a non-linear way. We envision a triage ap-
proach for direct-imaging missions: planets that vary in brightness
the most, and thus have the easiest albedo maps and spin axes to
infer, will be the first for follow-up observations.
Of course, planetary radii are necessary to convert fluxes into
apparent albedos (Qui et al. 2003; Cowan et al. 2009). Radii will
likely be unknown, but could be approximated using mass-radius
relations and mass estimates from astrometry or radial velocity, or
c© 2015 RAS, MNRAS 000, 1–13
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Figure 5. Left: Kernel width for planetQ as a function of orbital phase, with obliquity varied in 5◦ increments. The defined planetQ obliquity, Θ = 55◦, is the
dashed green line; darker and lighter shades of red denote obliquities closer to 0◦ and 90◦, respectively. Inferior conjunction occurs at ξ(t) = 180◦. The largest
variations are near ξ(t) ≈ {120◦, 210◦}. Right: Analogous dominant colatitude for planetQ. Dual-epoch changes are diverse between ξ(t) ≈ {135◦, 240◦},
for example.
inferred from bolometric flux using thermal infrared direct-imaging
(e.g. TPF-I; Beichman et al. 1999; Lawson et al. 2008). Real plan-
ets may also have variable albedo maps, e.g. short-term variations
from changing clouds and smaller variations from long-term sea-
sonal changes (Robinson et al. 2010), that could influence the ap-
parent albedo on orbital timescales. These are difficulties that will
be mitigated with each iteration of photometric detectors and theo-
retical models.
4.2 Longitudinal Constraints
A fit to the rotational light curve can be used to constrain the spin
axis (and longitudinal map) of a planet with East-West albedo con-
trast. We can demonstrate these constraints using kernel widths in
two ways, described in Section 4.1 and shown in the upper panels
of Figure 6. The dark dashed lines and square are idealized con-
straints when assuming perfect knowledge of the orbital geome-
try and two kernel widths: σφ1 = 25.2◦ at ξ(t1) = 120◦, and
σφ2 = 51.7
◦ at ξ(t2) = 240◦. Alternatively, the red regions have
10◦ uncertainty on each width (Appendix B2), where we use a nor-
malized Gaussian probability density and include Gaussian weights
for uncertainties on inclination and orbital phase.
The green circles represent the true planet Q spin axis, which
always lies on the idealized constraints. Only two spin axes are
consistent with the ideal kernel widths from both orbital phases.
We run more numerical experiments for a variety of system ge-
ometries (not shown) and find that perfect knowledge of the kernel
width at three orbital phases uniquely determines the planetary spin
axis. However, we find a degeneracy for planets with edge-on or-
bits, where two different spin configurations will produce the same
kernel widths at all phases.
As anticipated, we also find planet Q’s spin axis (green cir-
cle) consistent with the uncertain kernel widths (dark red regions).
Imperfect kernel widths at two phases allow all obliquities above
15◦ at 1σ, but exclude nearly one-fifth of spin axes at 3σ. We find
similar predictions for other orbital phases and planet parameters.
These examples also suggest that obliquity could be con-
strained for planets with variable albedo maps. As long as albedo
only changes on timescales longer than the rotational period, light
curves will constrain both the instantaneous map and the planet’s
spin axis. A given spin orientation and orbital inclination dictates
a specific kernel width as a function of orbital phase (left panel of
Figure 5), so we predict that light curves at three phases will be
sufficient to pin down the planetary obliquity, even if the planet’s
map varies between phases.
4.3 Latitudinal Constraints
A fit to light curves from different orbital phases can be used to
constrain the spin axis (and latitudinal map) of a planet with North-
South albedo contrast. As described in Section 4.1, we can demon-
strate this constraint using both perfect and uncertain knowledge
of the change in dominant colatitude. Our predictions are shown
in the lower left panel of Figure 6. The idealized constraint here is
|∆θ¯12| = 76.0◦ between ξ(t) = {120◦, 240◦}. Since the change
in dominant colatitude is constrained between pairs of epochs, four
orbital phases are needed to produce three independent constraints
and uniquely determine planet Q’s spin axis. We find the same
two-fold degeneracy as before for planets in edge-on orbits, even
if one knows the change in dominant colatitude between all pairs
of phases.
For the blue regions, we reapply our probability density from
above and assume 20◦ uncertainty on the change in dominant co-
latitude (Appendix B2). The distribution is bimodal because only
the magnitude of the change can be constrained, not its direction.
This means an observer would not know whether more Northern
or Southern latitudes are probed at the later phase, affecting which
spin axes are inferred.
4.4 Joint Constraints
For a planet with both East-West and North-South albedo contrast,
one may combine longitudinal and latitudinal information to bet-
ter constrain the planet’s spin axis (and two-dimensional map). We
show this for planet Q in the lower right panel of Figure 6. The
idealized constraint shows that only the true spin configuration is
c© 2015 RAS, MNRAS 000, 1–13
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Figure 6. Predicted confidence regions for planetQ’s spin axis, from hypothetical single- and dual-epoch observations. The constraints are predicted using the
kernel, as described in Sections 4.1–4.4 and Appendix B2: longitudinal widths in the upper row (red), the change in dominant colatitude at the lower left (blue),
and joint constraints at the lower right (purple). Obliquity is plotted radially: the center is Θ = 0◦ and the edge is Θ = 90◦. The azimuthal angle represents
the planet’s solstice phase. The green circles are the true planetQ spin axis, while the dark dashed lines and square show idealized constraints assuming perfect
knowledge of the orbital geometry and kernel (i.e. no uncertainties). The upper left and center panels describe planetQ at ξ(t) = {120◦, 240◦}, respectively,
while the lower left panel incorporates both phases. For the colored regions, 10◦ uncertainty is assumed on each kernel width, inclination, and orbital phase,
while 20◦ uncertainty is assumed on the change in dominant colatitude. Regions up to 3σ are shown, where darker bands are more likely. Observing a planet
at just a few orbital phases can significantly constrain both its obliquity and axial orientation.
allowed. We find this result for other system geometries—except
using orbital phases 180◦ apart, which creates a two-way degener-
acy in the spin axis.
The confidence regions in purple assume our notional uncer-
tainties on both kernel width and change in dominant colatitude
(Appendix B2). This prediction is not unimodal, but the 1σ region
excludes obliquities below 30◦. A distant observer would know
that this planet’s obliquity has probably not been eroded by tides
(Heller et al. 2011), and that the planet likely experiences obliquity
seasons.
4.5 Pro/Retrograde Rotation
The sign of rotational angular frequency (positive = prograde)
can affect the mean longitude of the kernel, but not its size and
shape. There is a formal degeneracy for edge-on, zero-obliquity
cases: prograde planets with East-oriented maps have identical light
curves to retrograde planets with West-oriented maps. The motion
of the kernel peak is the same over either version of the planet,
implying the retrograde rotation in an inertial frame is slower
(Appendix B3). We show this scenario in the left panel of Figure 7,
where the dashed brown line is the difference in prograde and ret-
rograde apparent albedo. The orange and black planets are always
equally bright because the same map features, in the upper panels,
are seen at the same times.
However, the spin direction of oblique planets and/or those
on inclined orbits may be deduced. Inclinations that are not edge-
on most strongly alter a planet’s light curve near inferior conjunc-
tion, seen in the center panel of Figure 7: this planet’s properties
are intermediate between the edge-on, zero-obliquity planet and
planet Q. While a typical observatory’s inner working angle would
hide some of the signal, differences on the order of 0.1 in the ap-
parent albedo would be detectable at extreme crescent phases. Al-
ternatively, higher obliquity causes deviations that—depending on
solstice phase—can arise around one or both quarter phases. This
happens for planet Q in the right panel of Figure 7, where both
effects combine to distinguish the spin direction at most phases.
Inclination and obliquity influence apparent albedo because
the longitudinal motion of the kernel peak is not the same at all
latitudes. One can break this spin degeneracy in principle, but we
have not fully explored the pro/retrograde parameter space. In gen-
eral, the less inclined and/or oblique a planet is, the more favorable
crescent phases are for determining its spin direction.
5 CONCLUSIONS
We have performed numerical experiments to study the problem
of inferring a planet’s obliquity from time-resolved photometry, for
arbitrary albedo maps and viewing geometries. We have demon-
strated that a planet’s obliquity will influence its light curve in two
distinct ways: one involving East-West albedo markings and an-
other involving North-South markings. Provided this planet is not
completely uniform, one could constrain both its albedo map and
spin axis using reflected light.
The kernel—the product of visibility and illumination—has a
c© 2015 RAS, MNRAS 000, 1–13
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Figure 7. Apparent albedo as a function of orbital phase, shown for an edge-on, zero-obliquity planet on the left, planet Q on the right, and an intermediate
planet in the center. A low rotational frequency is used for clarity. The black and orange curves correspond to prograde and retrograde rotation, respectively,
and the differences in apparent albedo are the dashed brown lines. Inferior conjunction occurs at ξ(t) = 180◦. The albedo maps are color-coded at the
top, where arrows indicate spin direction and the prime meridians are centered. Note that these maps are East-West reflections of each other. The edge-on,
zero-obliquity curves are identical, while the curves for the intermediate planet and planetQ grow more distinct. Edge-on, zero-obliquity planets are hopeless,
but one can distinguish pro/retrograde rotation for inclined, oblique planets by monitoring their brightness, particularly near crescent phases.
peak, a longitudinal width, and a mean latitude that vary in time and
are functions of viewing geometry. Analyzing the kernel enables us
to predict constraints on a planet’s spin axis from reflected light,
including for maps that are East-West uniform (e.g. Jupiter-like) or
North-South uniform (e.g. beach ball-like). Curiously, we find that
kernel width offers better constraints on obliquity than dominant
colatitude, suggesting that East-West albedo contrast is generally
more useful than North-South contrast. This is partly because ker-
nel width can be constrained even for variable albedo maps.
Furthermore, monitoring a planet at only a few epochs could
determine its spin direction and significantly constrain its obliq-
uity. In our case study of planet Q, we find crescent phases are
favorable for telling prograde from retrograde rotation. Similarly,
perfect knowledge of the kernel width at two orbital phases nar-
rows the possible spin axes for planet Q to two distinct configu-
rations, while kernel width uncertainties of 10◦ still exclude about
three-quarters of spin axes at 1σ. Adding the constraint on change
in dominant colatitude between the same two phases completely
specifies the true spin configuration of planet Q. A change in dom-
inant colatitude with 20◦ uncertainty excludes five-sixths of spin
orientations at 1σ.
Most importantly, we also find that perfect knowledge of the
kernel width at just three phases, or its change in dominant co-
latitude between four phases, is generally sufficient to uniquely
determine a planet’s obliquity. This suggests that—in principle—
rotational light curves at 2–4 distinct orbital phases uniquely con-
strain the spin axis of any planet with non-uniform albedo. This is
good news for inferring the obliquity of planets with future direct-
imaging missions.
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APPENDIX A: VIEWING GEOMETRY
A1 General Observer
The time-dependence of the kernel is contained in the sub-observer and
sub-stellar angles: θo, φo θs, φs. Since they do not depend on planetary
latitude or longitude, these four angles may be factored out of the kernel
integrals. However, the light curves are still functions of time, so we derive
the relevant dependencies here.
In particular, we compute the sub-stellar and sub-observer locations
for planets on circular orbits using seven parameters. Three are intrinsic
to the system: rotational angular frequency, ωrot ∈ (−∞,∞), orbital an-
gular frequency, ωorb ∈ (0,∞), and obliquity, Θ ∈ [0, pi/2]. Rotational
frequency is measured in an inertial frame, where positive values are pro-
grade and negative denotes retrograde rotation (for comparison, the rota-
tional frequency of Earth is ω⊕rot ≈ 2pi/23.93 h−1). Two more parameters
are extrinsic and differ for each observer: orbital inclination, i ∈ [0, pi/2]
where i = 90◦ is edge-on, and solstice phase, ξs ∈ [0, 2pi), which is
the orbital angle between superior conjunction and the maximum Northern
excursion of the sub-stellar point. The remaining parameters are extrinsic
initial conditions: the starting orbital position, ξ0 ∈ [0, 2pi), and the initial
sub-observer longitude, φo(0) ∈ [0, 2pi). These parameters are illustrated
in Figure A1; other combinations are possible.
We define the orbital phase of the planet as ξ(t) = ωorbt+ξ0. Without
loss of generality we may set the first initial condition as ξ0 = 0, which
puts the planet at superior conjunction when t = 0. With no precession the
sub-observer colatitude is constant,
θo(t) = θo. (A1)
This angle can be expressed in terms of the inclination, obliquity, and sol-
stice phase using the spherical law of cosines (bottom of Figure A1):
cos θo = cos i cos Θ + sin i sin Θ cos ξs, (A2)
sin θo =
√
1− cos2 θo. (A3)
The sub-observer longitude decreases linearly with time for prograde rota-
tion, as we define longitude increasing to the East:
φo(t) = −ωrott+ φo(0). (A4)
The prime meridian (φp ⇒ φ = 0) is a free parameter, which we define
to run from the planet’s North pole to the sub-observer point at t = 0. This
sets the second initial condition, namely φo(0) = 0, and means
cosφo = cos(−ωrott), (A5)
sinφo =
√
1− cos2 φo. (A6)
Hence, the time evolution of the sub-observer point is specified by its colat-
itude and the rotational angular frequency.
c© 2015 RAS, MNRAS 000, 1–13
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Figure A1. The upper panel shows a side view of the gen-
eral planetary system. The rotational and orbital angular frequencies
{ωrot, ωorb}, inclination i, obliquity Θ, sub-observer colatitude θo, and
observer viewing direction ˆ` are indicated. The lower panel is an isomet-
ric view, showing the solstice phase ξs. Superior conjunction occurs along
the positive x-axis. Note the inertial coordinates, how they relate to the
observer’s viewpoint and planet’s spin axis, and the angles between these
vectors.
The sub-stellar position is more complex for planets with non-
zero obliquity. Consider an inertial Cartesian frame centered on the host
star with fixed axes as follows: the z-axis is along the orbital angular
frequency, zˆ = ωˆorb, while the x-axis points towards superior conjunction.
The y-axis is then orthogonal to this plane using yˆ = zˆ × xˆ (bottom of
Figure A1). In these inertial coordinates, the unit vector from the planet
center towards the host star is rˆps = − cos ξxˆ− sin ξyˆ. The corresponding
unit vector from the star towards the observer is ˆ`= − sin ixˆ+cos izˆ. Our
approach is to express everything in the inertial coordinate system, then find
the sub-stellar point with appropriate dot products.
For the planetary surface, we use a second coordinate system fixed
to the planet. We align the zp-axis with the rotational angular frequency,
zˆp = ωˆrot, while the xp-axis is set by our choice for the prime meridian
(and initial sub-observer longitude.) The final axis, yp, is again determined
by taking yˆp = zˆp × xˆp. We proceed in two steps, first finding the plan-
etary axes when t = 0, then using the planet’s rotation to describe these
axes at any time.
Since we disregard precession, the planet’s rotation axis is time-
independent:
zˆp = ωˆrot = − cos ξs sin Θxˆ− sin ξs sin Θyˆ + cos Θzˆ. (A7)
The sub-observer point is on the prime meridian when t = 0, so that
yˆp(0) =
zˆp × ˆ`
sin θo
. (A8)
Computing this we find
yˆp(0) =
1
sin θo
[
− cos i sin ξs sin Θxˆ
+ (cos i cos ξs sin Θ− sin i cos Θ)yˆ
− sin i sin ξs sin Θzˆ
]
.
(A9)
The starting xp-axis is then found by taking yˆp(0)× zˆp. The result is sim-
plified by using Equation A2:
xˆp(0) =
1
sin θo
[
(cos ξs sin Θ cos θo − sin i)xˆ
+ sin ξs sin Θ cos θoyˆ
+ sin Θ(cos i sin Θ− sin i cos ξs cos Θ)zˆ
]
.
(A10)
We can now find the planetary axes, in terms of the inertial axes, at
any time by rotating Equations A9 and A10 about the zp-axis:
xˆp = cos(ωrott)xˆp(0) + sin(ωrott)yˆp(0), (A11)
yˆp = − sin(ωrott)xˆp(0) + cos(ωrott)yˆp(0). (A12)
The sub-stellar angles in the planetary coordinates may then be extracted
from the relations
sin θs cosφs = rˆps · xˆp, (A13)
sin θs sinφs = rˆps · yˆp, (A14)
cos θs = rˆps · zˆp, (A15)
resulting in
cos θs = sin Θ cos [ξ − ξs] , (A16)
sin θs =
√
1− sin2 Θ cos2 [ξ − ξs], (A17)
cosφs =
cos(ωrott)a(t) + sin(ωrott)b(t)√
1− cos2 θo
√
1− sin2 Θ cos2 [ξ − ξs]
, (A18)
sinφs =
− sin(ωrott)a(t) + cos(ωrott)b(t)√
1− cos2 θo
√
1− sin2 Θ cos2 [ξ − ξs]
, (A19)
where the factors a(t) and b(t) are given by
a(t) =
{
sin i cos ξ − cos θo sin Θ cos [ξ − ξs]
}
, (A20)
b(t) =
{
sin i sin ξ cos Θ− cos i sin Θ sin [ξ − ξs]
}
. (A21)
Note that when θs = {0, pi}, the sub-stellar longitude can be set arbitrarily
to avoid dividing by zero in Equations A18 and A19.
A2 Polar Observer
Equations A18 and A19 for the sub-stellar longitude apply to most ob-
servers. However, the definition of yˆp(0) in Equation A8 fails when the
sub-observer point coincides with one of the planet’s poles. Two alternate
definitions can be used in these situations.
Case 1: If the sub-stellar point will not pass over the poles during
orbit, we may define
yˆp(0) = −yˆ, (A22)
so that
xˆp(0) = yˆp(0)× zˆp = − cos Θxˆ− cos ξs sin Θzˆ. (A23)
This results in
cosφs =
cos(ωrott) cos ξ cos Θ + sin(ωrott) sin ξ√
1− sin2 Θ cos2 [ξ − ξs]
, (A24)
sinφs =
− sin(ωrott) cos ξ cos Θ + cos(ωrott) sin ξ√
1− sin2 Θ cos2 [ξ − ξs]
. (A25)
Case 2: However, if the sub-stellar point will pass over the poles dur-
ing orbit, we define instead
xˆp(0) = zˆ, (A26)
such that
yˆp(0) = zˆp × xˆp(0) = cos ξsyˆ. (A27)
This produces
cosφs =
− sin(ωrott) sin ξ cos ξs√
1− sin2 Θ cos2 [ξ − ξs]
, (A28)
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Figure A2. Left: Longitudinal kernels of a planet with different obliquities at first quarter phase, ξ(t) = 90◦, where ξs = 225◦ and i = 60◦. The curves show
0◦–90◦ obliquity in 15◦ increments, where lighter shades of red indicate higher axial tilts. The kernel width of this planet changes as obliquity increases.
Right: Analogous latitudinal kernels that indicate the dominant colatitude, shown as a circle, also changes as obliquity increases.
sinφs =
− cos(ωrott) sin ξ cos ξs√
1− sin2 Θ cos2 [ξ − ξs]
. (A29)
These special cases only impact the sub-stellar longitude: expressions
for the other angles are unchanged. As with a general observer, the Case 2
sub-stellar longitude may be set arbitrarily whenever θs = {0, pi}.
A3 Zero Obliquity
For non-oblique planets, Θ = 0◦, the sub-observer colatitude satisfies
cos θo = cos i, (A30)
sin θo = sin i, (A31)
while the sub-stellar angles become
cos θs = 0, (A32)
sin θs = 1, (A33)
cosφs =
cos(ωrott)c(t) + sin(ωrott)d(t)√
1− cos2 i , (A34)
sinφs =
− sin(ωrott)c(t) + cos(ωrott)d(t)√
1− cos2 i , (A35)
where c(t) and d(t) are given by
c(t) = sin i cos ξ, (A36)
d(t) = sin i sin ξ. (A37)
The sub-stellar longitude is therefore
cosφs =
cos(ωrott) sin i cos ξ + sin(ωrott) sin i sin ξ√
1− cos2 i
= cos(ωrott) cos ξ + sin(ωrott) sin ξ
= cos(ξ − ωrott),
(A38)
sinφs =
− sin(ωrott) sin i cos ξ + cos(ωrott) sin i sin ξ√
1− cos2 i
= − sin(ωrott) cos ξ + cos(ωrott) sin ξ
= sin(ξ − ωrott).
(A39)
In other words, θo = i, φo = φo(0)− ωrott, θs = 0, and φs = ξ − ωrott.
APPENDIX B: KERNEL DETAILS
B1 Characteristics
An important measure of the longitudinal kernel is its width, σφ, as shown
in the left panel of Figure A2. We treat this width mathematically as a stan-
dard deviation. Since K(φ,G) is on a periodic domain, we minimize the
variance for each geometry with respect to the grid location of the prime
meridian, φp:
σ2φ = min
[∫ 2pi
0
(
φ
′ − φ¯
)2
Kˆ(φ)dφ
]
φp
, (B1)
where Kˆ(φ) = K(φ)/
∫
K(φ)dφ is the spherically normalized longitudi-
nal kernel, φ
′ ≡ φ+ φp, and φ¯ is the mean longitude:
φ¯ =
∫ 2pi
0
φ
′
Kˆ(φ)dφ. (B2)
All longitude arguments and separations in Equations B1 and B2 wrap
around the standard domain [0, 2pi). Also note the unprimed arguments in-
side the kernel: these make computing the variance simpler. The minimum
variance determines the standard deviation of the kernel, and thus width, for
a given geometry.
The dominant colatitude is similarly important for the latitudinal ker-
nel, as shown in the right panel of Figure A2. Cowan et al. (2012) defined
the dominant colatitude, θ¯, for a given geometry:
θ¯ =
∮
θKˆ(θ, φ)dΩ, (B3)
where Kˆ(θ, φ) = K(θ, φ)/
∮
K(θ, φ)dΩ is the normalized kernel.
Equation B3 is equivalent to
θ¯ =
∫ pi
0
θKˆ(θ) sin θdθ, (B4)
where Kˆ(θ) = K(θ)/
∫
K(θ) sin θdθ is the spherically normalized lati-
tudinal kernel. The dominant colatitude is the North-South region that gets
sampled most by the kernel (e.g. the circles in Figure A2.)
B2 Albedo Variations
Figure 1 demonstrates that obliquity can influence a planet’s apparent
albedo on both rotational and orbital timescales. Quantifying these rela-
tions helps predict the obliquity constraints we may expect from real obser-
vations. We use a Monte Carlo approach, simulating planets with different
c© 2015 RAS, MNRAS 000, 1–13
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Figure B1. Kernel-albedo distributions for two sets of 10,000 planets generated via Monte Carlo, comparing rotational properties in red and orbital properties
in blue. Changes in dominant colatitude are absolute values, and planets are binned in 0.1 × 2◦ regions in both panels. Each color scale is logarithmic: the
darkest red and blue bins contain 230 and 279 planets, respectively. The scatter in either kernel characteristic decreases as the corresponding albedo variation
rises. We can estimate the uncertainty on a kernel width or change in dominant colatitude by analyzing these distributions.
maps and viewing geometries. We generate albedo maps from spherical har-
monics, Ym` (θ, φ), on the same 101×201 grid in colatitude and longitude
from Section 2.2:
A(θ, φ) =
`max∑
`=0
∑`
m=−`
Cm` Y
m
` (θ, φ), (B5)
where `max is chosen to be 3, each coefficient Cm` is randomly drawn
from the standard normal distribution, and the composite map is scaled to
the Earth-like range [0.1, 0.8]. Rotational and orbital changes in brightness
are caused by East-West and North-South albedo markings, respectively, so
we make three types of maps: East-West featured with Cm` (m 6= `) = 0,
North-South featured with Cm` (m 6= 0) = 0, or no Cm` restrictions. For
all maps with East-West features, we randomly offset the prime meridian.
We generate 5,000 maps of each type.
For each map we randomly select an obliquity, solstice phase, in-
clination, and two orbital phases. Since inclination and orbital phase can
be measured independent of photometry, we choose inclinations sim-
ilar to planet Q, i ∈ [50◦,70◦], and orbital phases {ξ1, ξ2} with
∆ξ ∈ [110◦, 130◦]. Both phases are also at least 30◦ from superior and
inferior conjunction, which conservatively mimics an inner working angle
at the selected inclinations. We assume the planet’s rotational and orbital
frequencies are known (Palle´ et al. 2008; Oakley & Cash 2009), and use
the Earth-like ratio ωrot/ωorb = 360. We divide roughly one planet rotation
centered on each orbital phase into 51 time steps, then define the normal-
ized amplitude of rotational and orbital albedo variations, Λrot and Λorb,
as
Λrot =
Ahighξ1
−Alowξ1
A¯ξ1
, (B6)
Λorb = |A¯ξ1 − A¯ξ2 |
(
A¯ξ1 + A¯ξ2
2
)−1
, (B7)
where Ahighξ1 and A
low
ξ1
are the extreme apparent albedos around the first
phase, and A¯ is the mean apparent albedo of all time steps around a given
phase. For each computed Λrot and Λorb, we calculate the correspond-
ing kernel width and absolute value change in dominant colatitude, from
Appendix B1. Figure B1 shows the resulting distributions, where rotational
and orbital information is colored red and blue, respectively. We find similar
results when relaxing constraints on the inclination and orbital phases.
We can estimate uncertainties on values of σφ and |∆θ¯| using these
distributions. The mean rotational and orbital variations are Λ¯rot ≈ 0.54
and Λ¯orb ≈ 0.21; the average kernel width and change in dominant colat-
itude are both roughly 38◦. The full distributions have standard deviations
of about 17◦ in σφ and 24◦ in |∆θ¯|, but roughly 5◦ and 7◦, respectively,
when considering only large variations. To predict constraints on obliquity
obtained from real data, we will assume there are single- and dual-epoch
observations of planet Q that have our mean variations Λ¯rot and Λ¯orb. By
considering samples only around these variations, we find about 10◦ and
20◦ standard deviations apiece in the kernel width and change in dominant
colatitude. We use these standard deviations as uncertainties when creating
the colored regions in Figure 6.
B3 Peak Motion
Equations C1 and C2 from Cowan et al. (2009) describe the motion of the
kernel peak, where specular reflection occurs, for any planetary system.
These equations can be written for edge-on, zero-obliquity planets using
Section A3:
cos θspec =
1 + cos i√
2(1 + cos i)
=
1√
2
, (B8)
tanφspec =
sin(ξ − ωrott) + sin(φo(0)− ωrott)
cos(ξ − ωrott) + cos(φo(0)− ωrott)
=
sin(ωorbt− ωrott) + sin(φo(0)− ωrott)
cos(ωorbt− ωrott) + cos(φo(0)− ωrott)
.
(B9)
When finding φspec from Equation B9, the two-argument arctangent must
be used to ensure φspec ∈ [−pi, pi). This also means it is difficult to simplify
the equation with trigonometric identities.
Instead, we can explicitly write the argument of Equation B9 in terms
of the first meridian crossing, ξm, the earliest orbital phase after superior
conjunction that the kernel peak recrosses the prime meridian:
φspec(ξ; ξm) = ∓pi
2
(
4
ξ
ξm
+
[
1− sgn
(
cos
ξ
2
)])
, (B10)
where the leading upper sign applies to prograde rotation and vice versa.
The first meridian crossing is related to the planet’s frequency (or period)
ratio by ∣∣∣∣ ωrotωorb
∣∣∣∣ = ∣∣∣∣PorbProt
∣∣∣∣ = 12
(
4pi
ξm
± 1
)
, (B11)
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while the number of solar days per orbit is
Nsolar =
∣∣∣∣ ωrotωorb
∣∣∣∣∓ 1, (B12)
following the same sign convention. Note that the frequency/period ratios
and the number of solar days do not have to be integers. We reiterate that
Equations B8–B12 apply to edge-on, zero-obliquity planets.
Equation B11 gives two frequency ratios for each first meridian cross-
ing, one prograde and another retrograde that is smaller in magnitude
by unity. Equation B12 then states the corresponding difference in solar
days is unity but reversed, making the longitudes of both kernel peaks in
Equation B10 analogous at each orbital phase. These two versions of the
planet have East-West mirrored albedo maps and identical light curves: they
are formally degenerate. An inclined, oblique planet has pro/retrograde ver-
sions that could be distinguished, as discussed in Section 4.5.
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